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» ‘ . L SUMMARY

A necessary and sufficient condition is obtained for a block design to be
general efficiency balanced. It is shown that the Fisher’s inequality does not
hold for all general efficiency balanced and variance balanced block designs,
and the lower bound for Fisher's inequality can be replaced by a more string-
ent bound for the general efficiency as well as variance balanced des:gns with
varying replications and unequal block smes
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" Introduction

Consider a connected block design D(v, b, r, k) having v treatments
arranged in b blocks with the jth block being of size kj;, and the ith
treatment being replicated r; times; r = (ry, . . ., 1), K = (ky, ..., &),

) Let N = (n4;)yx5 be the incidence matrix of D, where ny is the number
of times treatment i occurs in block j. The matrix C =R — N K-IN' is
known as the C-matrix .of the design, where R = diag (ry, ..+, ), -

= diag (ky, . . . , ks). A design is said to be connected iff. Rank (C)
=y — 1. Throughout this note we consider only connected block
designs. :

A Dblock design is variance balanced iff every normalxzed contrast is




46 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS )

estimated with the same variance. It is well known that D is varlance
balanced iff its C-matrix is of the form

=e(—110),  _ ‘ | ( )

where p is a positive scalar, I, is an identity matrix of order v, 1, is an
x-component vector with all elements unity.
A block design is efficiency balanced iff all the treatment contrasts are

.estimated with the same efficicncy factor. A block design D is ‘efficiency- -

balanced iff the C-matrix is of the form .
C=up(R~—rr/n),. Lo 2

where [ is a positive scalar and n = r’ 1, the total number of observa-
tions.

Das and Ghosh [3] defined a generzil, efficiency-balanced block design.

A block design D is general efficiency balanced iff the C-matrix. is of the .

form .
C=B(G—agg),

where g = (g4, ..., 8", G = diag (g1, ...,8"), ¢ = 1'gand B a posi-
tive scalar. The clements g(i = 1, ..., v) are arbitrary. Forg =r, D
is efficiency-balanced and for g = 1, D is variance-balanced. -

The well-known Fisher’s inequality &6 2> v holds for all balanced
-incomplete block designs. Atiqullah [1] and Raghavarao [5] proved that
for binary and equireplicate variance balanced designs, & > v holds.
Dey [2] showed that the Fisher’s inequality holds for all .non-orthogonal,
equireplicate variance balanced designs. Kageyama and Tsuji [4] proved
that b > v holds for all binary variance balanced designs different from
randomized complete block designs. In fact they obtained some more
classes of variance balanced designs for which b > v holds. Saha [6]
identified a class of non-trivial variance balanced designs for which b > »
holds. However, Saha [6] realized that b > v does not hold for all vari-
ance balanced designs and b > v — 1 holds for a large class of variance
balanced designs.

The purpose of this note is to obtain a lower bound to the number of
blocks b of a general efficiency-balanced design from which the existing
results on Fisher’s inequality can be derived as special cases

2. The Results

The métrix P = N KN’ of a general -eﬂicicncy-bala_nced design is
P=R—B(G - gg'l)
=®+cgy

i

N T -
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where ® is a diagonal matrix and c is a positive scalar. From (4) it follows
that a necessary and sufficient condition for a design to be general effici-
ency balanced is that the off-diagonal elements of P are proportional to
the relevant g; values.

If the rows of P of a general efficiency-balanced desxgn given in (4),
are linearly independent then R(P) = v, where R(-) denotes the rank.
- Since R(P) = R(N K-!N’) = R(N), it follows that b > v holds for the
general efficiency-balanced designs for which the rows of matrix P are
linearly independent.

It may appear from P given in (4) that R(P) = v and that the Fisher’s
mequahty holds for all general efficiency-balanced designs. This, however,
is not true., Consider a special case where the v treatments can be divided
into two disjoint sets containing. v, and v, treatments respectively,
v1 + v = v. The first set of v, treatments have the same replication r,
and the second set of v, treatments have the same replication r, so that
viry + vofy = n. Further all the v, treatments in the first set have g-values
as g1 and the second set of v, treatments have g-values as g,, so that
. v,81 + vag2 = o. For this situation the matrix P in (4) simplifies to

A, B '
P.=[: ' ] %)
B A, | S

where

Av=(n—Bg) b, + (Bg11,

B = (Bag/) L, 1,

Ay = (r, — Bg2) I”, + (ﬁgg/“)vl 1.
We now consider the following cases :

. Case I. Letr, =3 g, fort = 1 or 2. Then R(P) = vy — vs + 1, where
~s=2ift = 1 and s =1 if ¢ = 2, and for this type of general efficiency-



48 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

balanced design the Fisher’s inequality is replaced by a more. stﬁngent
inequalitykb 2v—wn+1l,s=1o0r2

Example 1. Consider the following general efficiency balanced design-
with parameters v = 18, 5 = 17, v, = 8, v, = 10, r = (10 1%, 17 1),
k = (14 14,. 18 1,)"

r111v1111oooo_000111‘]
110001000111'01111l E
1010100010101 11 11]
10010010110110111',
011100010001 1111]1
0100101101101 0111
1001001111011001T1°1
00011101110001111
Nw (11111111111111111
1111111111111 1111
1111111i1111111111
f1111111111111111
1111111111-1111111
111111111 111111711
111111111111117111
111111111111 11111
11111111111111111l
(1 1111111111111111)}

C=(71 G —gg/l02),g = (413,7 Tp)".

It is easy to verify that Bgs =17 =1, and 5> 11 (=v—1v +1)
holds here.

Case 2. Let ry = (8 + 1) B g1g.v./« and ry = ryv,/0v,, In this case the
matrix P is given by

., B : ' ‘
P= {E } © .
B EJ _
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where

E; = (0 B gaganlox — 87 mfe) b+ Beil) 17,

E, = (B 21g271/0 — Bg: Vaf) Ivz + (Bgh/e)1 1.

From the matrix P in (6) it is seen that for this type of general efficiency
balanced designs, . . -

[1;, E; : 1;, B] = 0[1;, B’ : 15, Ey].
Consequently, RP) = v — 1 and'it follows that for such designs the
Fisher’s inequality is replaced by a more stringent inequality b 2> v — 1.

Example 2. Consider the following general efficiency-balanced design
with parameters v = 5,6 =4, vy =4, v, = 1, r = (3 1, 4), k=41

[1-1 1 0)
1 1 0 1 ‘
\ ' , C = (11/8) (G — g g'/11),
N= 0 U b 1 g1y, 3y,
1 0 1 1
(1 1 1 1]

It is ‘e_asy to verify that r, = (8 + 1) B g182v2/% =3 and rfrs = 3/4 =
Bv,/vy, 0 = 3. Therefore b > 4 (= v — 1) holds here.

Some .special cases of a general efficiency-balanced design are now
considered.

Case I. For g = r, the design is efficiency balanced. For B = 1, the
matrix P, given in (4), simplifies to r r'/n and R(P) = 1. It is well known
that an efficiency~balanced design with p = 1 reduces to an orthogonal
design. So barring orthogonal desigus, b > v holds for all efficiency
balanced designs. :

" Case 2. A particular case of interest is when g = 1, for which the
matrix P of (4) is of the form

lrrx—B+B/v , Bfv Blv

b B{v rg—B'+B/v .g/‘v'

B —

|

I

} _ : : :

L Blv Blv oo Iy — BBl
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For an equi-replicated design, i.e. r = r 1, the rows of P are 1inearly
independent unless § = r, in which case P.= (r/v) 1 1’. So, Fisher’s
inequality holds for all non-orthogonal equi- repllcated variance balanced
designs.

For any variance balanced design with varying replications let r; 7 B
for any i = 1 (1)v. The rows of P are then linearly independent and

b 2 v holds for these variance balanced designs. Now let r; = ry = ...

= r, = B, where t <& v. In this case the first + rows of P are identical
and R(P) = v — t + 1. For such a design, the Fisher’s inequality can
be replaced by a more stringent inequality b > v — ¢ + 1. This result
has dlso been proved by Saha [7] in a different way who has identified
all variance balanced designs for which 5 > v holds, Thls was pointed
out to the authors by the referee.
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